Abstract. A longstanding conjecture asserts that every finite non-abelian p-group has a non-inner automorphism of order p. In this paper, we settle the conjecture for a finite p-group G, p an odd prime, of nilpotence class n with exp(γn−1(G)) = p and |γn(G)| = p, where γn(G) is the nth term in the lower central series. As a consequence, we give a short, quite elementary and derivation free proof of the main result of Abdollahi et al. [J. Group Theory 17 (2014), 267-272], for the odd prime p.
1 Introduction Let G be a finite non-abelian p-group, where p is a prime number.
A longstanding conjecture asserts that every finite non-abelian p-group admits a noninner automorphism of order p (see also [6, Problem 4 .13]). Infact, some researchers showed interest in proving the sharpened version of the conjucture. They interested in proving that every finite non-abelian p-group G has a non-inner automorphism of order p which fixes Φ(G) elementwise. The conjecture was first attacked by Liebeck [5] . He proved that for an odd prime p, every finite p-group G of class 2 has a non-inner automorphism of order p fixing Φ(G) elementwise. In 2013, Abdollahi et al. [2] proved the validity of conjecture for finite p-groups of class 3. In particular, in Theorem 4.4, they proved that every p-group G of odd order and of nilpotence class 3 has a noninner automorphism of order p that fixes Φ(G) elementwise. In 2014, using derivation, Abdollahi et al. [1] showed that every p-group of co-class 2 has a non-inner automorphism of order p leaving Z(G) elementwise fixed. Recently, Ruscitti et al. [7] confirm the conjecture for finite p-group of co-class 3, with p = 3. Also, it is not very difficult to see that every finite p-group G of maximal class has a non-inner central automorphism of order p that fixes Φ(G) elementwise. Attar [4] showed that every finite group G of order p m having a cyclic subgroup of index p 2 has a non-inner automorphism of order p which fixes Φ(G) or Ω 1 (Z(G)) elementwise. In this paper, we confirm the conjecture for all finite p-groups having a cyclic subgroup of index p 3 . The aim of this paper is to find a non-inner automorphism of order p that fixes the Φ(G) elementwise for p-groups. More precisely, we prove that every finite p-group G, where p an odd prime, of nilpotence class n with exp(γ n−1 (G)) = p and |γ n (G)| = p has a non-inner automorphism of order p which fixes Φ(G) elementwise. As a consequence in Corollary 2.2, we give a short, quite elementary and derivation free proof of the main result of Abdollahi et al. [1] for the odd prime p. In Theorem 2.5, we showed that every finite p-group, (p > 2), having a cyclic subgroup of index p 3 has a non-inner automorphism of order p fixing Φ(G) elementwise.
Throughout p always denote an odd prime number. For a finite group G. By Z(G), γ m (G), d(G) and Φ(G), we denote, the center, mth term of the lower central series, the number of generators of G and the frattini subgroup of G, respectively. The nilpotence class and exponent of finite group G is denoted by cl(G) and exp(G)
Main results
Theorem 2.1. Let G be a finite p-group, p an odd prime, of nilpotence class n such that exp(γ n−1 (G)) and |γ n (G)| = p. Then G has a non-inner automorphism of order p that fixes Φ(G) elementwise.
Proof. If the nilpotence class of G is 2, then result follows from [5] . Therefore, we assume that nilpotence class of G is at least 3. Since cl(G) ≥ 3 and exp(γ n−1 (G)) = p, there exists an element x ∈ γ n−1 (G) \ Z(G) of order p. Thus [x, G] ⊆ γ n (G), and since |γ n (G)| = p, the order of conjugacy class of x in G is p.
Consider the map β of G, defined as β(g) = gx and β(m) = m for all m ∈ M . The map β can be extended to an automorphism of G fixing Φ(G) element-wise and of order p. We claim that β is a non-inner automorphism of G. If possible, let it be an inner automorphism induced by some y ∈ G. Then y ∈ C G (M ). If y / ∈ M, then G = M y and hence y ∈ Z(G), which is a contradiction. Therefore y ∈ Z(M ). Let β = θ y . Then
. Thus x ∈ Z(G) and it contradicts our choice of x in G. Hence G has a non-inner automorphism of order p that fixes Φ(G) elementwise. Theorem 1] ). Let G be a finite p-group, (p > 2), of co-class 2. Then G has a non-inner automorphism of order p fixing Φ(G) elementwise.
If exp(γ n−1 (G)) = p, then the result holds by Theorem 2.1. Next, assume that either γ n−1 (G) is cyclic of order p 2 or γ n−1 (G) = Z 2 (G). Observe that in both cases, we can choose an element x (say) of order p from
and |γ n (G)| = p, the result follows from the proof of Theorem 2.1.
It follows from the elegant paper of Schmid [8] that every finite p-group G of odd order with cyclic γ 2 (G) has a non-inner automorphism of order p that fixes Φ(G) elementwise. Our next corollary confirm the conjecture for every finite p-group G of odd order with elementary abelian γ 2 (G) and a condition on γ n (G). Corollary 2.3. Let G be a finite p-group, p an odd prime, of nilpotence class n, n ≥ 3, such that γ 2 (G) is an elementary abelian and |γ n (G)| = p. Then G has a non-inner automorphism of order p that fixes Φ(G) elementwise.
Corollary 2.4. Let G be a finite p-abelian p-group, (p-odd), of nilpotence class n such that |γ n (G)| = p. Then G has non-inner automorphism of order p leaving Φ(G) elementwise fixed.
